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1. Introduction

Born in 1929, Godunov embarked on a remarkable career that spanned several decades until his death in July 2023. He made
profound contributions to the development of numerical techniques for solving Partial Differential Equations (PDEs), particularly
in the field of fluid dynamics. The celebrated Godunov theorem and Godunov scheme revolutionized Computational Fluid Dynam-
ics (CFD), enabling scientists and engineers to simulate complex fluid flows. However, Godunov research developed beyond fluid
dynamics, and in [29] he found a connection between symmetric hyperbolicity in the sense of Friedrichs [25] and thermodynamic
compatibility. In this work of Godunov, one learns that for hyperbolic systems having an underlying variational formulation, the total
energy conservation law can be derived as the dot product of the other equations with the so-called thermodynamic dual variables
that are given by the partial derivative of the total energy potential with respect to the conservative variables of the system. These
variables are also known as main field, or even Godunov variables, see for instance [24]. Later on, Godunov and Romenski [53,33]
extended the theory of symmetric hyperbolic and thermodynamically compatible (SHTC) systems to a wide class of mathematical
models: magnetohydrodynamics [30,31], nonlinear hyperelasticity [34], compressible multi-phase flows [52,50] as well as relativis-
tic fluid and solid mechanics [32,51]. Within this theory the total energy potential plays a crucial role which is coming from the
variational principle from which the system is derived. Moreover, the entropy density equation is part of the master system, while
the total energy conservation law is an extra conservation law, since it is obtained by a linear combination of the other conservation
equations.

The SHTC models are therefore compliant with the Second Law of Thermodynamics by construction, and they are derived as
first order hyperbolic systems, where the stress tensor is a function of the inverse deformation gradient A rather than velocity
gradients, even for fluids. Indeed, irreversible dissipative processes are accounted by the presence of source terms with one or
more characteristic strain relaxation times 7. The hyperbolicity of SHTC models implies finite wave speeds for all involved physical
processes, even dissipative ones, thus making their mathematical structure substantially different from those PDE systems which
admit parabolic dissipation and diffusion terms. Indeed, in [49], heat conduction is derived in first order hyperbolic form proving
consistency with the Fourier law in the asymptotic regime [20]. Likewise, the stress tensor in the SHTC model proposed in [49] is
asymptotically consistent with the Navier-Stokes model. The distortion tensor is defined as the inverse of the deformation gradient,
hence it is defined by construction as the inverse of the Jacobian matrix associated to the Lagrange-Euler mapping between the
Lagrangian (or material) to the Eulerian (or updated) configuration. Consequently, the distortion tensor accounts for the deformation
and rotation of the matter subject to mechanical and thermal loads. A direct link exists between the scalar density and the distortion
tensor at the continuous level, which is also known as Geometric Conservation Law (GCL) in the Lagrangian formulation of the
governing equations [19,43]. As a consequence, the density equation in the original model is redundant at the continuous level [48].
This can be viewed as an internal consistency constraint. However, ensuring this compatibility at the discrete level is not obvious,
and this is one goal of this work.

As already mentioned, in the SHTC formalism the total energy equation plays the role of an extra conservation law that can
be deduced from the other equations of the system at the continuous level. This means that the entropy balance law is part of the
master system, and it becomes an equality in the absence of shock waves. Nevertheless, at the discrete level, the energy equation
is typically solved, hence ensuring energy conservation and numerical stability in the energy norm, and a lot of research has been
conducted in order to achieve thermodynamic compatibility, i.e. obtaining an entropy balance law as a consequence of the chosen
discretization. This research line started from the pioneering work presented in [55], with the aim of devising provably entropy
preserving and entropy stable numerical schemes that has been further investigated in [35,28,39,42,41,6,38,40]. Other important
contributions to the design and implementation of entropy preserving and stable schemes can be found for instance in [23,17,36,
18,27,22] and references therein. The numerical strategy proposed in [1,3] has been recently employed to construct a new family
of thermodynamically compatible schemes in which the entropy inequality is solved instead of the energy [14,15,2,13,56], hence
strictly mimicking the SHTC framework at the discrete level. The numerical methods are provably energy preserving at the semi-
discrete level thanks to a scalar correction factor that is directly embedded in the definition of the numerical fluxes, hence ensuring
conservation. In Lagrangian hydrodynamics, thermodynamically compatible schemes have been developed in order to obtain the total
energy conservation and the satisfaction of an entropy inequality as a consequence of a compatible discretization of the equations
of continuity, momentum and internal energy, see for instance [16,4,44]. A recent attempt in directly solving the entropy inequality
and obtaining conservation and stability in the energy has been forwarded in [10].

In this work, we make use of the general framework introduced in [1] for the construction of thermodynamically compatible
schemes. We choose to discretize the total energy conservation law and deduce the entropy equation as a consequence, hence
implying that the entropy inequality is one extra equation satisfied by the mathematical model, which must also be fulfilled at discrete
level. This choice is the classical one because it is simpler to monitor energy or temperature in experimental devices compared to
measuring entropy variations. From the continuous point of view, choosing the total energy equation or the entropy one is totally
equivalent. Furthermore, the numerical scheme must feature a discrete compatibility with the entropy inequality, and a discrete
internal consistency between the determinant of the inverse of the deformation gradient and the discrete mass equation. We propose
to resort to the approach originally forwarded in [1], and subsequently used in [2] for achieving thermodynamic compatibility for
the SHTC model presented in [49]. Our novel idea is to define a new geometrical potential that plays the role of total energy in SHTC
schemes, and consequently to derive the associated dual variables. In this way, another extra conservation law can be obtained which
accounts for the geometric consistency, that is nothing but the Geometric Conservation Law written in the Eulerian framework. Up
to the knowledge of the authors, no geometrically compatible schemes on fixed unstructured meshes are part of the state-of-the-art
numerical schemes for continuum mechanics. In this work we will design a first order Finite Volume (FV) scheme on unstructured
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two-dimensional polygonal grids that is compatible with the Second Law of Thermodynamics and with the GCL at the semi-discrete
level, meaning that two extra conservation laws are satisfied by the scheme at the same time. This will ultimately allow to discard
the classical mass conservation equation since the density can be deduced by the geometric compatibility achieved by the numerical
method.

The paper is organized in three main sections. In Section 2 we introduce the governing equations, the extra conservation laws and
the final reduced compatible continuous model that is derived. Section 3 is devoted to the design of the numerical scheme, including
two theorems that demonstrate the compatibility of the new methods at the semi-discrete level. Appendix A contains all the details
related to the compatibility of the reduced model with the geometric constraint in the framework of SHTC systems. The numerical
experiments are gathered in the dedicated Section 4, where we numerically verify that the structural properties of the continuous
model are preserved at the discrete level. Finally, we draw some conclusions and an outlook to future developments in Section 5.

2. Mathematical model
2.1. Governing equations

The governing equations are given by the unified first order hyperbolic model of continuum mechanics proposed in [49] that
belongs to the class of hyperbolic thermodynamically compatible (HTC) systems [29,34,53,33]. Let us assume Einstein summation

convention over repeated indices, and let us adopt bold symbols to label vectors and matrices. Following [2], the mathematical
model is written in three space dimensions with indices 1 <i,k,m < 3 as follows:

dp  9d(pv 0
o9 L (pve) 0 2P ) —o, (1a)
ot oxy dx,, \ 0x,
0pv; . 0 (pvjvy + Py + oy + i) 0 eaﬂvi -0, (1b)
ot 0xy 0x,, 0x,,
d(Sv, + > e B
os O(Suth) o (08 \_p, e BB 10
ot 0x;, 0x,, \ 0x,, 0,(z)T  0,(z,))T
0A;,  0(A;,v 0A;, 04, 0A; ;
ik +M+Um ik _ m _i g_lk :_a;ky (1d)
ot 0x, ox,,  Oxg 0x,, 0x,, 0,(z)
oJ, O0(Ju,+T oJ, dJ aJ
A )+vm e 9w\ _ 0 (O __ P (1e)
ot dx; dx,, 0x; dx,, \ 0x, 0,(1)

with 7 € ]Rg being the time and x = {x,} denoting the spatial position vector. The state vector q = {g;} =(p, pvi,S,Aik,Jk)T is
composed of mass density p > 0, momentum pv = {pv; }, total entropy §, distortion tensor A = {A4;,} and thermal impulse J = {J, }.
Furthermore, p > 0 and T > 0 denote the fluid pressure and temperature, respectively. The fluid is also characterized by a polytropic
index y = ¢,/c,, given as the ratio of specific heats at constant pressure and volume, namely ¢, and c,, respectively. Since we aim
at solving numerically these governing equations, a diagonal viscosity matrix with parameter e > 0 is artificially added to the model
derived in [49], which can however be retrieved for ¢ = 0. In fact, the above system also accounts for parabolic vanishing viscosity
terms, that yield a production contribution IT in the entropy equation (1c) which, according to [15], writes

M= 2 (0,4 (0, )04, 2 0. ©)

The positivity of the production term is ensured by assuming a convex total energy potential implying that the Hessian of the total
energy potential is at least positive semi-definite, i.e. 02}(1‘ & >0, therefore the physical entropy is increasing, in accordance with the
i9)

Second Law of Thermodynamics. Here, § = §; + &, + &; + &, is the total energy of the system which is obtained as the sum of four
terms [48]:
I S/c,

1 1 5. 2
gl:y—le 0, (‘52=§pu,—v,—, €3=chSG,-J-G

1
&= cipd 3)

ij 2

where G = {G;,} :={A;;Ay;} represents the metric tensor and G= (G} =1{G, - %Gmmé,-k} denotes its trace-free part with 6;;
being the Kronecker delta. The first term &; corresponds to the internal energy, for which we assume the ideal gas equation of state,
then the kinetic energy is considered by &,, whereas &; is the shear energy with the shear sound speed ¢, and the last term &, takes
into account the thermal energy with ¢, being the heat wave speed. Let us now introduce the set of thermodynamic dual variables
p:=0q6={p;}= (r, v, T, ﬂk)T which are explicitly given by the derivative of the energy potential (3) with respect to the state
vector q, that is

r=0,8, v,=0,8 T=048 =0, 6  f=0,8 (4)

In the momentum equation (1b), the shear stress tensor ¢ = {¢;; } and the thermal stress tensor ¢ = {¢;; } are defined in terms of the
dual variables «;; and f, as

26 6 2
o'ik=AjiaAjk(%’=Aﬁajk=pcsGijij, b =405, 6 = Jif = pc Jid . (5)

3



W. Boscheri, R. Loubére, J.-P. Braeunig et al. Journal of Computational Physics 507 (2024) 112957
The work of the shear and thermal stress tensors y; as well as the heat flux h; are given by
2
2k =0, 6 (Aj,.a,,jkg + Jia,kg) =0 O+ ). hy=0580; E=Th = pcTJ,, ®)

Finally, the mathematical model (1) is also endowed with algebraic source terms which contain two positive functions 6,(z;) > 0
and 6,(z,) > 0 that depend on q and on the relaxation times 7; > 0 and 7, > 0 as follows:
1 203 2 Po PoTy
0, ==pz,7,¢7 |A|" 3, 0, =pz,75C5, Z; = —, Zy = ——,
1= 30T ¢ Al ) = P27 € 1= 257
with p, and T;, being a reference density and a reference temperature, respectively, and |A| denoting the determinant of A. The
asymptotic limit of the model (1) has been analyzed in [21] at the continuous level and in [7] in the fully discrete setting, showing
that for small relaxation times, i.e. when 7; — 0 and 7, — 0, the Navier-Stokes-Fourier limit is obtained. Indeed, the stress tensor o;;
and the heat flux A, tend to

7

1 2
Oy = —gpocfrl (0kvi + ;v — 3 ( mvm) 5ik> , h, = —poTocirzakT, ®

with o, fulfilling Stokes hypothesis. In the asymptotic regime, the relaxation time 7, is directly related to the viscosity of the fluid
by u= épocfrl. Analogously, there is a direct link between the relaxation time 7, and the thermal conductivity coefficient which is
explicitly given by x = pOTOCiTZ.

The eigenstructure of the system (1) has not been studied yet. Here, we are only interested in an estimate of the maximum
eigenvalues that can be heuristically chosen according to [7] as

__jrp 4 2
A= 7 §C§+Ch. (9)

2.2. Overdetermined systems: extra conservation laws

By construction, see [49], the model (1) is an overdetermined hyperbolic system, thus implying the satisfaction of additional (or
extra) conservation laws. Firstly, we obtain total energy conservation from the HTC framework, then we focus on the derivation of
the Geometric Conservation Law that imposes a geometric constraint on the determinant of the distortion tensor |A]|.

2.2.1. Total energy conservation law
By dot multiplying equations (1a)-(1e) with the associated thermodynamic variables p, one obtains the total energy equation

a_g+6(6uk+vip6,-k+;(k+hk) 0 < g>

ot ax, " ox, \“ox,,

=0, (10)

meaning that the following Gibbs relation is satisfied:

1-dé =r «dp + v; d(pvy)) + T -dS + ay -dAy + P -dJ, =p -dq

11
1-(10) =r -(1a) + v; -(0b) + T -(1c) + ay -(Ad) + p; -(le) an
This also implies that the entropy production term IT in (1c) must be compatible with the parabolic dissipation terms
036 -Tl+p-0, (€d,q) =0, (€d,8), 12)
and that the dot product of p with the algebraic relaxation source terms must vanish
p-S(q)=0. 13)

Although the rigorous formalism and derivation of HTC systems implies the use of the entropy as state variable, let us remark that
the energy equation (10) could be solved instead, and the associated entropy balance can be retrieved again from the Gibbs relation
(11) as

TdS=-r-dp—v;-d(pv;))+1-d8—ay -dAy — P, -dJ, 14)
with a set of dual variables

r={rj}=%(—r,—u,.,1,—a,.k,—ﬂk)T. (15)
This implies the assumption of a physical entropy potential § such that r = 9,8 with an associated positive semi-negative Hessian

matrix 92§ <0.
4i9j

2.2.2. Geometric conservation law (GCL)
The governing equations (1) also involve a geometric constraint on the determinant of the distortion tensor A, which corresponds
to the inverse deformation gradient for reversible processes in the material. To properly derive this geometric constraint, let us
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=0 d(X.1) t

Fig. 1. Sketch of the Lagrangian-Eulerian transformation.

consider the Lagrange-Euler mapping between the Lagrangian domain Q C R? and the Eulerian domain w(f) ¢ R? at time 7 > 0, that
deforms in time through the movement of the material. At the aid of Fig. 1, let X = {X,} and x = {x, } represent the coordinate
of any Lagrangian point in Q and Eulerian point in w(?), respectively. Then, the Lagrange-Euler mapping ® = {®;} is such that
x = D(X,?) € w(t), and the kinematic velocity of the material in the Eulerian frame is given by

X,n= 90X, 1) (16)
uX,n=—r—.
The deformation gradient tensor F = { F}; } is nothing but the Jacobian matrix associated to the flow map ® and verifies
Fy =22 (17)
k=g X,

We assume that for all 7 > 0, the determinant of F, called the Jacobian of the transformation, satisfies det(F(X,?)) := |[F(X,1)| > 0,
so that the flow map is always invertible. The inverse of the transformation links the Eulerian coordinate to the Lagrangian one, i.e.
X = ®~I(x,1), and the distortion tensor in the mathematical model (1) is geometrically defined as A = F~! for reversible processes.
The determinant of the deformation gradient represents the ratio of the Eulerian volume element to the Lagrangian volume element,
that is

dv=|F|dV. (18)

Following [26], the mass conservation law with respect to the Lagrangian configuration is expressed for t > 0 by

% / o(X, 1) [F(X, 1) dV =0, 19)
Q

with the Lagrangian or material derivative given by

d 0 0

a_29 9 20
dr ot K ox, 20)
Since relation (19) must hold for an arbitrary domain Q, it implies
Y
PX,IF(X, 1) = p(X,0) = |F| = 70 (21)

where we recall that p, = p(X,0) is the initial density of the material. Consequently, thanks to the relationship A = F~!, the determi-
nant of the distortion matrix must obey the following constraint:

Al=L2. (22)
Po
This geometric constraint is extremely difficult to be respected at the discrete level, especially for Eulerian schemes. To the best
knowledge of the authors, this has never been achieved so far on fixed grids. Therefore, our aim is to satisfy the constraint (22)
by proposing a new approach, that requires the satisfaction of an extra conservation law for the quantity |A|. This corresponds to
the mass conservation equation as fully detailed in [34], and here we recall its derivation starting from the Lagrangian frame of
reference. Using the Lagrangian derivative (20) and neglecting viscous and source terms, the evolution equation (1d) writes

dA;, v,
— kA M=, 23
dt " 9x (23)

Employing the Jacobi formula and the above relation, the time derivative of the determinant of the distortion tensor leads to
d|A| ( dA -1
X ow(lAWSR), w=a,
ar AW

ov,,
=—|A| Wy, Ay ox,
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1A] 6y 22 24)
- km P) X .

By replacing the material derivative on the left hand side of (24) with its Eulerian counterpart according to (20), the Geometric
Conservation Law is obtained as an extra conservation law satisfied by the governing equations (1), which is explicitly given by

Al 0
—+ —(|A =0. 25
ot 0xk(| |Uk) (25)

Therefore, satisfying the GCL (25) implies that the constraint (22) is also respected. To mimic the HTC approach, let us introduce
a new set of pseudo-thermodynamic variables w = {w;; } that are dual with respect to a pseudo-potential given by |A|, thus obtaining
w :=0d,|Al. Then, by construction, one can verify that a pseudo-Gibbs relation is satisfied, that is
d(|A]) =w;, -d(Ay) =w-dA
(25) = wy, -(1d) '

(26)

More precisely, the source term of the distortion tensor equation (1d), referred to as S, , has been designed in [49] not to affect the
mass conservation equation. Indeed, it is proportional to d, &, namely

0A<%’ a 3 S o
AT 0, 0,(r) 1 Al

On the other hand, the dual variables w are given by

w=|A|AT. (28)

Therefore, the contraction w : S, = tr(w' S ) yields
. 3 4 1 ° 3 8 o
W S, =——|ABtr(AT AG)=—=|A|3tr(G) =0, (29)
7 7

since G is the trace-free part of the metric tensor G = AT A. The details concerning the derivation of the GCL in terms of the dual
variables w can be found in Appendix A.

2.3. Reduced compatible model

The previous considerations incline us to consider a reduced model consisting of the following equations:

dpv; 0 (pvjvg +péy + oy + @ dpv;
9P (ot +pOu +outdu) o 2% o, (30a)
ot 0x;, 0x,, \ 0x,
¢ O0(8vy+v;pby+x+h e
2€ + (Vi +v; POy + i + hy ) _ 0 o8 -0, (30b)
ot ox; dx,, \ 0x,
9A + O(AjOm) +o, 0Ay  OAp\ 0 eaAik _ Yk 7 (300)
ot 0x, ox,,  Oxg 0x,, 0x,, 0,())
oJ, O0(Ju,+T oJ, dJ aJ
—k+M+0m O 0w\ _ 0 (Oh\__ P (30d)
ot 0xy dx,,  0x; dx,, \ 0x, 0,(1)

This system satisfies the entropy inequality (1c) and the Geometric Conservation Law (25). We underline that no evolution equation
for the mass density is embedded in the model, since the material density can be easily computed from the determinant constraint
(22) thanks to the GCL compatibility, that is p = py|A|. Likewise, the entropy balance is also satisfied by the reduced model (30)
which is compliant with the Gibbs relation (14).

Here we consider the state variables u = (pv;, 8, A, J;), and the governing equations can be written in a compact matrix-vector
formulation as

ou  of (w) ou 0 ou \ _
ot on PBWI - o <e—> =S(u), GD

where f; (q) is the nonlinear flux tensor and B, (u)d,u contains the non-conservative part of the system in block-matrix notation for
A and J. The algebraic sources are gathered in the term S(u), while the regularizing viscous terms are given by d,, (edmu).

The model (30) is solved with a finite volume method on general unstructured meshes that is proven to preserve both the
geometric and the thermodynamic compatibility. Indeed, the novel numerical method only solves the reduced model (30) because it
is compliant with (1c¢) and (25). All the details of the numerical scheme are provided in the next section.
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Ty

Fig. 2. Left: example of unstructured Voronoi mesh. Right: notation used for cell ®* and one direct neighbor cell o*.

3. Numerical scheme
3.1. Semi-discrete finite volume scheme on unstructured meshes

To ease the notation and the readability, subscripts are used for tensor indices while superscripts denote the spatial discretization
index. The two-dimensional computational domain Q € R? is discretized with a total number N of non-overlapping unstructured
polygonal control volumes »’ with border dw’ and barycenter coordinates x°. We underline that Voronoi meshes can also be
employed as well as any other general polygonal elements. The only restriction is given by the assumption of conforming grids,
meaning that each edge of the computational mesh, which does not lie on the physical boundary of the domain, must be shared by
two and only two adjacent elements. The surface of the element is denoted with |w?|, whereas |dw’ | refers to the cell perimeter.
The set of neighbors of cell ’ is labeled with 177, and dw’* is the common edge shared by two adjacent elements w’ and o* with
outward pointing unit normal vector n’*. Fig. 2 shows an example of an unstructured polygonal mesh and a sketch of the adopted
notation.

We start the derivation of a finite volume method for discretizing the reduced model (31). For finite volume schemes, data are
stored and evolved in time as piecewise constant cell averages which are defined as

u’ :=ﬁ/udx. (32)
ﬂ)/

To obtain a semi-discrete finite volume scheme, let us integrate in space the governing equations over the control volume w’ by
keeping time continuous:

o | 22 +/ (“’f“” +B@w - 2 ( Ju )) dx=/S(u)dx. (33)

ot ax ox,  ox, \“ox,
w? @

Application of the theorem of Gauss on the nonlinear flux and viscosity terms yields

ou’ ou Ju
|a)f|7+/ <fk(u)— (€E>) 'ndS*'/Bk(“)E dx=/S(u)dx. 34
dw? o’ w’
The non-conservative terms are integrated using a path-conservative approach, see [46,9] and references therein, hence obtaining
Ju Ju
/Bk(u)a dx = / D, -ndS + / Bk(u)a dx, (35)
o’ dw? @’ \dw?

where the new term D - n takes into account potential jumps of the solution across the element boundaries and it is defined at the
interface dw’* as

1

9
Dk.n:%/Bk(w(uf,uas)).nf' a—wds. (36)
N

0
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The integration path y is chosen to be a simple straight-line segment according to [46,9], thus it is given by y = y(u’,u,s) =
u’ + s —u’ ), and the jump term (36) reduces to

1
Dk-n=% /Bk(y/(uf,u’,s))~nf’ds (' —u?). 37)
0

The first order semi-discrete finite volume scheme for the governing equations (31) then writes

4 (43
aalz=— Y L (gl w4 pwf ) + Gl o)) -0 4 S, (38)

ent o]

where the volume term in (35) vanishes since at first order any gradient of u inside the cell is zero, and the source term integral
simply reduces to the evaluation of S with u’ thanks to the definition of the finite volume solution (32). The numerical flux is given
by a central approximation, that is

- lr _ L er 1 Lt
Fu) -0t = (£ +1£7) n®, (39)
and the following discretization is chosen for the non-conservative jump term (37)
D@’ u) n’t = %Bk(ﬁf’)nzz @ -u), 0= %(u’ +u’), (40)

which corresponds to the midpoint quadrature rule for the evaluation of the path-integral (37). The dissipative numerical flux is
computed by a Rusanov-type scheme as

Au’* u —u’
(ouf,uz .nfz=_€fz_:=_/1fz Xz_xf 7=—;le uz_uf’ 41
Gu’ u) NG I =l = @ —u’)
with the definitions
4 v T 4 1 T
=AM =X, A% = 2 max (JAO)], [AO]) (42)

We use the estimate of the maximum eigenvalue of the system according to (9) for the definition of the positive coefficient A°*. To
ease the notation, let us introduce the abbreviations

=Gl ), D7 =D’ ,u), ¢l =g’ ). (43)

As it stands, the finite volume scheme (38) is not structure preserving: it is neither compliant with the extra conservation laws
(1c) nor with (25). Therefore some ad hoc modifications have to be designed in order to make the scheme structure preserving.

3.2. Geometrically compatible finite volume scheme

We start by designing a modification of the finite volume scheme (38) such that geometric compatibility is ensured by satisfying
the GCL equation (25) as an extra conservation law of the mathematical model. For the moment, we neglect the source terms and
the dissipation fluxes, i.e. we assume G“* -n’* = 0 and S(u) = 0. We rely on a very general method firstly proposed for achieving
thermodynamic compatibility in [1], and more recently extended to hyperbolic systems of the type (1) to recover energy conservation
from the direct discretization of the entropy inequality [15,2,13]. Here, we apply this strategy for the first time to preserve a different
structural property rather than thermodynamics.

Let us interpret the determinant of the distortion matrix |A| as a thermodynamic potential, and the associated dual variables
w = {w;, } = 0s|A] as a set of thermodynamic variables. Moreover, let I}’f" -n’* denote the central fluxes related to the distortion tensor
equation (30c) according to (39). Likewise, fy ,, represents the physical flux of equation (30c) and Cl)i’ -n’* are the corresponding
fluctuations of the non-conservative terms restricted to (30c). According to [1], these fluxes are modified by a correction factor ol ’,
which is defined at the cell interface, hence obtaining the modified fluxes

- 1 . Y
9”{’ -’ =9f:’-nf’—a£’ w —w/)-nf’=§<f§k+f;k)ni‘ —ai’(w’—wf)-n/‘. (44)

The scalar correction factor aiz has no sign, and it can add or subtract the total amount of the jump in the dual variables which is
needed to reach geometric compatibility with the GCL (25). To determine «%, the conservation principle is invoked. Indeed, across
each cell boundary dw’*?, a consistent condition implies that the sum of the fluctuations must balance the sum of the fluxes which
have to be preserved. This sum, namely |A|v; in (25), must be recovered as the dot product of equation (30c) with the dual variables
w’, that is

2 241 (41 4 (44 v v 44 241 (43
w -(5‘”A ‘n _fA,k’"k >+w «(ngk‘nk -, -n >+

w’ -@Z‘ 0’ w -CDX” 0’ = ((|A|Uk)Z —(|A|vk)f) ni’.

(45)
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By inserting the definition of the modified fluxes (44) in the condition (45), we obtain the sought correction factor defined at the cell
interface dw’*:

((Aloe = (Alo)”) nf + (707wt —wh) = (W = wE £, ) i

alt =
A (Wt —w?)?2

(vv’+w"ﬂ)~50§*-n‘fZ

(Wt — w? )2

(46)

Obviously, if w/ = w* then no correction occurs and we simply set ai’ = 0. We underline that the correction factor a, has no sign
and, in principle, it is unbounded. From the numerical viewpoint, we only take care about avoiding division by zero.

Geometric compatibility with dissipation fluxes and source terms Even with smooth initial data, the solution of the PDE system (30) can
exhibit shocks and other discontinuities, which require a stabilization of the numerical scheme that is carried out relying on parabolic
vanishing viscosity terms. Also in this case, the compatibility with the geometric extra conservation law (25) must be respected. To

that aim, let us add to the compatible fluxes (44) also the dissipative fluxes gi’ -n’* as well as the source terms S, (u”) = —%,
1
that the semi-discrete evolution equation (30c) for A now becomes
0A” 1907 | (2pe | orey ol ¢
=t 2 o (FL+25) 0 == ¢ a8, @), (47)

ent ent
The part on the left hand side of the above equation is already compatible with the GCL thanks to the modified fluxes (44) with the
scalar correction factor given by (46). Therefore, we focus on the compatibility of the right hand side of (47). Recalling the definition

(41) and following [15], after multiplication by the dual variables w?, for the viscous terms we obtain

wf_giz .nfz :%(wf_giz_nfz_’_wz .g‘iz.nfz_'_wf_giz _nfz_wz.g‘:z_nfz)
=%(wz —w')- AT (A —Af)—%(w’+wf)-/1fz(A’—Af). (48)
J/
G 6]

The second term ¢, is the approximation of the jump term related to the numerical dissipation in the GCL (25), that is

—%(w’+wf)~ﬂf’(A’ — A AT (AT — AL, 49)
Indeed, applying path integration in the state variables A, the following relation holds true by construction:
A A
/w-dA:/aA|A|~dA:|A|'-|A|f, (50)
A A

and the term l(w’ +w’)(A* — A?) in (49) can be seen as a numerical approximation of the path integral in (50) using a trapezoidal
rule. Therefore, we still remain with an additional contribution given by the first term §; in (48). To control its production of
numerical dissipation, we reformulate the jump in the dual variables w as a jump in the state variables A through the Hessian matrix
2 £ . i
044 |AI°* which verifies the Roe property
2 ¢ oy ¢

OAIAITT (AT —A) =w —w’. (51)

The Hessian matrix at the cell interface is computed as
1
OAIAIT = / AN ds,  &)=A"+s(A -A"), 0<s<I, (52)
0

where tﬁ A|Al explicitly writes

0 0 0 0 Ay-Ap 0 —Ay Ay
0 0 0 —Ay 0 Ay Ay 0 —Ay
0 0 0 Ap -4y 0 -Ap Ay
0 —Ay Ap 0 0 0 0 Ap

0
Z.JAl=| Ay 0 -4, 0 0 0 -A 0\_312 (53)
AA - 33 31 13 O11 .
0
0
0
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These contributions, which come from all the faces 77 of the cell, must vanish in order to obtain compatibility with the GCL equation
(25). Consequently, a production term Hi is introduced to balance these terms with opposite sign, that is given by

=3y 'T“’:” A AT - A7) 03 AT (AT - A7), 54)
ent 1@ |

where only jumps in the state variables appear because of the use of the Roe-type Hessian matrix (52). The production term Hj: isa

scalar, that now needs to be distributed among all the components Afk of the distortion tensor, hence obtaining new contributions

Pl.i. Here, we adopt a rescaling with respect to the trace of the distortion tensor, as proposed in [14] for the redistribution of a

production term associated to the Reynolds stress tensor, thus we define Pli as

¢
w’
Lot — ik
Pik - l_[A tr(wf wf,T) ’ (85)
with the positive trace tr(w’ w’" ) = wfk wﬁ( >0.
At last, it remains to verify the compatibility with the source terms. Multiplication of S, (u?) by the dual variables yields

4

£ o

¢ @ 3 ik
—wt . =—u’ . =0, 56
e B TE (56)

therefore the compatibility is proven by construction of the dual variables w, as demonstrated at the continuous level by (29). All
the related details are reported in Appendix A.

Theorem 1 (Geometric compatibility). The semi-discrete finite volume scheme for the equation of the distortion tensor A given by

0A” 100 | | ~p ¢ ¢ ¢ al ¢ Nl
9 4 R TART AN G ANy |, g A— (57)
2 ( ) 9(71) A lT(wf w/,T)

with the geometrically compatible fluxes (44), the non-conservative products (40), the dissipation terms (41) and the production term (54),
satisfies the extra conservation law (25) with the following conservative semi-discrete scheme:

N £y 9| 1 (

4 Y v _
an o] 2 it ) 0’ =0, (58)

IA]
The compatible numerical fluxes for the geometric conservation law are given by

Fly 0™ = (Al = w £ ont +w' - (T + DL ) -0 +227 AL,

(59)
Fiy 07 = (Al = w £y i +w - (G + D) -n™ =227 |A]
Proof. Let us recall that the discrete Gauss theorem over a closed surface yields the relation
Y, 100" |n’* =0. (60)
ent
By dot multiplying the distortion equation (57) by the dual variables w”, we obtain
¢ 0AY e S < a’ o w >
W —+ wo(F DT HG) n T =w - = +1II, ——— |. (61)
ot thf |wf| ( A A A ) 9(,[1) A tr(wf wf,T)
On the right hand side, we have
¢ ¢
¢ @ ¢ w ¢
wo- (= +IIf ————— | =0+11,, 62
< 0() A tr(waf’T)> A (62)

where the first term vanishes thanks to the compatibility condition (56) (see Appendix A) and the second term verifies by construction
the relation

¢ Y Wf f wic 4
w I, ——— =uw’, 11 =1II,. (63)
A tr(wf wﬂT) ik A ¢ wf A

ik ik

On the left hand side of (61), we add and subtract the terms %w’ . 5;{{ -’ S wh- CD;{ -n*’ and %w’ . QK’ -n’?, hence obtaining

1
2

10
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a|A|f 1 Z |da)

o (wf+w’)~§f’-nf’+(wf—w’)~§f’-nf’)

en’ o
1 |0(sz| 3 r 149 z 114 173 Z 129 Lt v 173 113
+ = Z (W2 -0 + w2 0 +w DT —w DY ')

A
k=l ol 64)

+1 Z |()wa| (W +w)- sz n’t + (w —w)- @f’- )
2

Due to the continuity of the computational mesh, it holds that n’* = —n*“. Furthermore, the term (W’ —w?)- ﬁ:z -n’* can be rewritten
by means of the compatibility condition (45), which leads to

a|A|f Z |awf |

o]

53 (e =0t ) (w1 = o1, )) o

W +w) -G n”

en’
= '72?2' (o 0 ) ©
€
|aw1| £y iy ol ot 0wy . ot e
Zezn:f ol (W +w) -G -n’ + (W —w) -G -n™)
=11,.

By virtue of the discrete Gauss theorem (60), we can add to the left hand side of the above equation a zero term given by

Z |aa) ((|A|Uk)f—wf'f§,k>"iz:0’

ent

and we reformulate the numerical dissipation according to (48)-(49) with the Roe-type property (50), hence obtaining

aAf 90’ .
| | Z | @ | Wz).g«Afz.nfz

Bl fl
1 |awfr|
> - ((ATo" + (Ao ) nt?
ent |o”|
1 Z |awf’|( ¢ er P
- = wo O +w-f )n’
¢ Ak Ak ) Tk
2 cene @’ (66)
0w’ .
+% Z [ wf | (W DL 4w D) n”
ent |CU |

007 | 1 p0 e aer 2 (a1 oAt AP aft (1AL ¢
+ ) or] 21 (AT AD O JAIT (AT - AD AT AR - 1A

The last term on the left hand side partially cancels with the production term I1Z, that follows by the definition (54). Therefore, the
fluxes which satisfy the extra conservation law (25) in the semi-discrete finite volume scheme (58) result to be as given by (59). []

3.3. Thermodynamically compatible finite volume scheme

After achieving compatibility with the extra conservation law (25), the semi-discrete finite volume scheme must be modified again
to be compliant with the Second Law of Thermodynamics, meaning that it must fulfill also the entropy balance (1c¢). This is equivalent
to satisfy the Gibbs relation (14), implying that we need to work with all the state variables u plus the density. However, thanks
to the geometrically compatible discretization achieved for the distortion tensor A, we can deduce the density directly from the
determinant of A as p = py|A|, therefore the full vector of state variables is simply given by @1 = (py|A]|, w' = (polAl, pv;, 8, Ay, Jk)T.
The thermodynamic correction is carried out in analogy with the one employed for the geometric compatibility, hence we introduce
a modified set of numerical fluxes of the form

Gl ol = GO a? F - ff), (67)

11
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where az;’ is a scalar correction factor that must be determined to obtain thermodynamic compatibility. The fluxes F* - n?* coincide

with the central fluxes for all equations of (30) except for the distortion tensor equation, for which they are given by (44). Further-
more, the flux in the continuity equation (1a) is computed from the compatible fluxes (59) of the semi-discrete equation for |A| given
by (58) upon multiplication by pg . Consequently, we have that

129

(Ff + FIAI) -0 for (1a) with fluxes (59)

IA|
F o't = 3f2-nfz for (30a)-(30b)-(30d) - (68)
5‘1{’ .n?* for (30¢)

Since the compliance with the GCL must not be destroyed by this new modification, we deliberately choose to add the correction
factor a? to only a subset of dual variables among r in (15), which is referred to as ¥ in (67). Specifically, we allow the momentum
and the thermal impulse equations to account for the thermodynamic compatibility, thus defining

f’:% (0,0,,6,0,0,0,8) " = {7, } = (0 —0,,0,0,,~8)T. (69)

We remark that the equations for density and distortion tensor are not affected by the thermodynamic corrections since they already
carry the geometric compatibility correction. Let us also note that the total energy equation is not modified in order to maintain
stationary solutions of the governing PDE, as explained at the end of this section. To compute the correction factor a? we can now
proceed along the lines of [1,3], hence requiring that the sum of all the fluctuations across an element interface is equal to the flux

difference of the entropy equation (1c), thus leading to
[ (9"@’1 'nfz _flf .niz) +re- (fji _niz _jfz .nfz)_,’_ o0
v D70 et D 0 = ((Sup+ B = (Su+ B ) n

By employing the flux definition (67) in the conservation condition (70), the thermodynamic correction scalar a? is found to be
given by

o SO+ B = So +5)") n+ (T 0™) (1 =x”) = (x* £, — 1" £])

(r -5

13

71)
(l.z + rf) . @fz . nfz

(r-r)

Obviously, we set (x? =0 if #/ = #*. Even in this case, the correction factor ag may be unbounded, and no special treatment
is numerically applied apart from avoiding division by zero. The source terms in equations (30c) and (30d) are compatible by

construction also for thermodynamic compatibility. Indeed, multiplication of the sources by the dual variables d a &= a and

0,08= ﬂk , with negative sign and divided by the temperature according to (14), yields
k

¢ t 14 4 7 ¢ gt
o e N\ Bk %% + By By >0 72)
T¢ 0,(zy) T¢ 05(72) 0,(x)T?  0,(e)TC ~
which is exactly the source term in the entropy equation (1c).

The geometrically and thermodynamically compatible semi-discrete finite volume scheme without numerical dissipation is then
given by

p] (23
Z [dw | k +®fz) . n/z ZS(UK), (73)
ent |’ |

with the definition of the compatible fluxes (67)-(68) and the thermodynamic correction factor (71).

Remark (On the energy equation in the thermodynamic correction). The subset of dual variables ¥ in the flux correction (67) does
not take into account the dual variable in the energy equation, which is equal to 1/7. Without loss of generality, let us consider a
computational domain Q = [—L; L]? with periodic boundaries and L € R, and the following initial condition with only a discontinuity
in the density field located at ||x|| = Ry C Q:

R

py for [[x]| < Ry
p(x,t=0)= , vx,t=0)=0, px,t=0)=p), AKX, t=0)=L J(x,1=0)=0. 74
py for [|x]| > Ry

In this case, the total energy is only given by the internal energy contribution which is constant, namely

&x,1=0)= 20

1 (75)

12



W. Boscheri, R. Loubére, J.-P. Braeunig et al. Journal of Computational Physics 507 (2024) 112957
therefore the semi-discrete finite volume scheme (73) yields

¢
oy, (76)
ot
and the initial condition (74) also represents the exact solution. The correction factor is a priori nonzero, i.e. a? # 0, because of

the pressure and temperature terms in the momentum and thermal impulse equations, respectively. If we add the thermodynamic

correction in the energy equation, the associated flux 5"5’ -n’* should be corrected with the jump term in the dual variable 1/T,
leading to

st tr _te ot oo ] 1

9gz-n —gé -n —aS <F_W> (77)

This would no longer preserve the constant energy density (75) because the discontinuity in the density profile causes a jump in the
temperature which is defined as

Po
p(x.1=0)c, (7 — 1)’
As a consequence, the artificial flux (77) is not physical and thus the thermodynamic dual variable 1/T is not included in the
dual vector F for computing the scalar factor a ! in (71), so that the geometrically and thermodynamically compatible scheme still
maintains this physical equilibrium, i.e. we obtam again the correct stationary solution given by (76).

T(x,t=0)= (78)

Thermodynamic compatibility with dissipation terms As done for the geometric compatibility, to ensure the stability of the scheme in
case of discontinuous solutions we also take into account the parabolic dissipation terms (41), thus we supplement the geometrically
and thermodynamically compatible scheme (73) with the dissipative fluxes ¢(u’,w’) - n’*, hence giving rise to the non-negative
production term I17 in the entropy inequality (1c).

Theorem 2 (Thermodynamic compatibility). The semi-discrete finite volume scheme for the reduced model (30)

I3 't .
0l+ Z [0 | (gfr+®fz+gfl)_nfizs(uf), (79)

with the geometrically and thermodynamically compatible fluxes (67)-(68), the non-conservative products (40) and the dissipation terms
(41), satisfies the extra conservation law (1c) with the following conservative semi-discrete scheme:

Z £ ot
g ' ab, af g p
aé +) TR A | e [ S 3 Sy (80)
|| 2 0,(x)T?  0y(z,)T?

en’

The compatible numerical fluxes for the entropy balance are given by

Foon™ =((Sve+ ) =7 A nl 410 (G + D7) 0’ +227 87,

A (81)
Fion™ = ((Svg+ f) =t -f)n +1t - (F7+ D7) -0 =227 87
Furthermore, assuming T? > 0 and 9, S** <0, the right hand side of the entropy balance is non-negative:
¢ ¢ gt
e, %%k b P 82)

0,(xT?  0y(x))T? ~

therefore the scheme (79) also satisfies a cell entropy inequality.

Proof. The proof is similar to the one already carried out for Theorem 1. We consider the dual variables & = (p0|A|,u)T where
the density is directly evaluated from the determinant of the distortion tensor, and the associated fluxes are computed using (59)
multiplied by pg in the GCL equation (58). With a little abuse of notation, let us omit the tilde symbol and assume that the additional
fluxes related to the density equation are embedded in the flux tensor, thus we will simply use u’ (and thus the dual variables
r’) and F7*. After dot multiplying the semi-discrete system (79) by the dual variables r?, and adding and subtracting the terms

Lyt g% nft, %r’ -0* .n*¢ and %r’-gf’ -n’*, we obtain

cf 6cu A A
o8 2 | ( f+r’)-9”f’«nf’+(rf—r’).{}”f7-nf7)
1 |awfz| 13 124 24 4 ol il 13 24 24 v ol il
+ = Z o] (r 2% 0 +r 27w +r’ D70 -t 0 (83)
ent 1@

13
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1 |awfz | 14 4 (ofz 149 ¢ 4 (ofr 149
+52 - (@ +r)-¢” -0 + (@’ =r)- ¢ -n")

We analyze the compatibility of the source terms, which explicitly write

¢ ¢ ¢ ¢ ¢ v ¢ pt
v . Su’) = SO % A A\ ol ik %ik%ik + b By 84)
T¢\ 0i(z) ] T\ 6x(m) KA WS Wl 0T 0T
—— ——
=0

where the production term vanishes thanks to the relation ozl'rjc wﬁc =0 as proven for the geometric compatibility (see Appendix A).

Thus we retrieve the source terms of the entropy balance law (80). Back to equation (83), we use the compatibility condition (70) to
rewrite the term (r/ —r*) - %% - n’?, and we get

Caf 9 £t R
987 1 Z m(rf”,)jm,nm

o 2 ren’ ||
1 [0’ | , . ,
+3 > — (((Sve+ B = (Sve+ )+ (x° -8 —x* -£7)) nf’
en’ |o”|
k! (44
+l M(rf.@f?_i_rz.@’f).nh (85)
|w?|
en’

1 |awfz| 14 14 49 (49 4 14 (49 (49
+ = Z—((r +1)- ¢ n” + @ —r") -G -0’
(€

_ ol af ﬂ]fﬂ]f
T 0,(xT?  Oy(zy)T?
Adding on the left hand side term

1 9™ | o 0t gt
5 2 o] (Soe+ B —rf £0) nlt =0,
en’

which corresponds to a zero contribution thanks to the property (60), leads to

A ) (49 R
a:;t +% ! a)f l(rf+r’)~f}”fZ -0’
ent |o”|
1 [00’?] . o v
+= Z —— (v + B +(Sv+ ) nf,
2 ent |o”|
9 (43
R LS
cene 11 (86)
1 [00™|  , _, o\ ot
= r’ - O +r*-m)-n’"
ZS;; |wf| ( )

41 2 oo (@ +r)-¢7 -0+ =) -7 0"
2 @

¢ ¢ ¢t
Xk %ik By B

= + .
0,(xT?  0y(r)T?

Relying on the same reasoning applied for the geometric compatibility, the dissipation terms r’ - ¢¢* - n’* can be rearranged as in
(48), that is
r)f’ . gfz . nfz — %(I‘Z _r)f’) . Afz(llz _uf)_ %(rr +l'f) . /{fz(uz —llf). (87)

Likewise in (49), due to the path integral

{4 4

u u

/r-du=/0u8~du=c§”—§f, (88)

u’ u’

14
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we interpret the second term on the right hand side as an approximation of the jump term in the entropy variables, thus
1 .
—E(rz +19) 27 W —u) & =20 (ST = $9). (89)

The jump in the dual variables present in the first term in (87) is converted into a jump in the state variables by introducing the
Hessian matrix 02,5t which verifies the Roe property

03“8[’ S —u)=r"—r’. (90)

Therefore, using (89) and (90) in (86), we arrive at

C) a
as Z low’| (r +1)- G
en’
1 |6wf’| .
+= ) ((Svp+ B +(Sv + B ) nl
2 ent |o?|
1 [0’ | £ of P
-5 Z —|60f| (r £+ f;() n;
/
en (91)
+1 Z |awﬁ| (I‘f'@fz-l-l'z -@’f) .n%?
2 ent |of|
d
— leflifl(?z— )
ent ||
¢ ¢ gt
_pe . %k b P
l(rl)Tf 02(12)T/
with the production term given by
-y 19671 1 jts o — - 2,87 (o —uf) 92)
|w,f| 2 uu .

ent
The fluxes in the semi-discrete finite volume scheme (80) that guarantees the compatibility with the extra conservation law (1c)
result to be as given by (81). Finally, in the presence of numerical viscosity, i.e. when A°* > 0, the entropy inequality is retrieved
since the resulting term on the right hand side of (91) is non-negative, meaning that the positivity condition (82) is fulfilled due to
the assumptions 6, > 0, 6, >0, T? > 0 and 6lzmé’f * <0. The cell entropy inequality is thus satisfied at the semi-discrete level by the
finite volume scheme (79). []

3.4. Time discretization

The explicit time marching algorithm is given by Runge-Kutta schemes that are listed in Appendix B for order one, two and
four. The associated time step is computed according to a classical CFL-type stability condition based on the maximum hyperbolic
eigenvalue estimate given by (9) and the maximum viscous eigenvalue related to the parabolic dissipative terms:

min A?
Ar< CFLL, (93)
max (Mf |+ 2 )
feN?
where CFL is the Courant-Friedrichs-Lewy number and A? = 1/|w?| is the characteristic cell size. In the case of stiff source terms,
i.e. when 7; — 0 or 7, — 0, the time step must be reduced according to the time scale imposed by the sources because of the explicit
time discretization.

4. Numerical results

In this section, we propose a suite of test cases aiming at validating the accuracy and the robustness of the novel Hyperbolic
Geometrically and Thermodynamically Compatible finite volume schemes (79), which will be labeled as HGTC. We demonstrate that
the compatibility is preserved at the semi-discrete level up to the order of the time integrator, and we systematically measure the
errors of mass conservation (e 4) and total entropy balance (eg). More precisely, we monitor over time the following quantities in
L, norm over the entire computational domain Q:

sn=[1AI= 0/l B =118 =S0.p)llc- (94)

15



W. Boscheri, R. Loubére, J.-P. Braeunig et al. Journal of Computational Physics 507 (2024) 112957

Table 1

Numerical convergence results for the isentropic vortex problem using the HGTC scheme.
The errors are measured in the L, norm and refer to the variables p = p, |A| (density), v,
(horizontal velocity) and pressure p at time 7, =0.25.

h ”ﬂ() |A|”2 O(py |A]) “Ul ”z O(vy) IIpll, Op)
3.20E-01 6.2483E-02 - 1.5675E-01 - 7.9011E-02 -

1.65E-01 3.1941E-02 1.01 7.9131E-02 1.03 4.0536E-02 1.01
1.09E-01 2.1427E-02 0.97 5.3292E-02 0.96 2.7139E-02 0.98
8.57E-02 1.6231E-02 1.14 3.9863E-02 1.19 2.0620E-02 1.13

For 64, the quantity |A| is computed by evaluating the determinant of the distortion tensor A by using the components A;, that
are evolved according to the semi-discrete scheme (57), whereas the quantity p/p, is obtained with |A| taken from the solution of
the extra conservation law (25) discretized by the scheme (58) with fluxes (59). For ég, & is the total entropy computed from the
entropy equation (1c) solved as an extra conservation law with the semi-discrete scheme (80), while §(p, p) is evaluated from the
equation of state given by &, in (3), namely

«S’(p,p)=p10g(§> ¢ P=polAl (95)

As such, the structure-preserving properties of the scheme are numerically investigated. If not stated otherwise, we set the CFL
number to CFL = 0.5 in (93) and the polytropic index of the gas is assumed to be y = 7/5, whereas the specific heat at constant
volume is always chosen to be ¢, =2.5. Whenever a viscosity coefficient y is specified, the relaxation time z, is computed according
to u= é poc2t). Likewise, if a heat conduction coefficient x is set, the corresponding relaxation time 7, is evaluated from the

asymptotic relation x = pOToc}zlrz. In the other cases, no source terms are considered, thus we set 7; = 7, = 10?0 hence retrieving
the behavior of elastic solids without heat conduction. The distortion matrix is always initialized as A =1, and the thermal impulse
is initially given J = 0. The reference density and temperature are set to py, = p(x,t = 0) and 7, = 1, if not specified. We depict the
absolute values of the correction factors @, and ag in (46) and (71), respectively, in order to better appreciate the order of magnitude
and the location of the structure-preserving corrections. If not specified otherwise, we use the fourth order Runge-Kutta scheme for
time integration (see Appendix B).

4.1. Numerical convergence studies

The accuracy of the new HGTC schemes is verified on the isentropic vortex problem forwarded in [37]. The computational domain
is the square Q = [0; 10]? with periodic boundaries, and the generic radial position is r = 1/(x; — 5)? + (x, — 5)2. The parameters of
the model are such that an ideal inviscid fluid is retrieved, hence we set c; = ¢, =0, and the initial condition is prescribed in terms
of some perturbations that are superimposed on a background constant state:

p(t=0,x):(l+5T)7%‘, v(t=0,x)=0, p(t:O,X):(1+6T)VyT‘, (96)

with the perturbations for temperature 6T given with f# =5 by

o= =DP 1,
8y x?

97)
The simulation is carried out until the final time 7, = 0.25 on a sequence of successively refined Voronoi meshes, and the errors are
measured in L, norms and reported in Table 1, showing that the formal order of accuracy is retrieved. No numerical dissipation is
added to the scheme because the flow does not exhibit any discontinuity, thus A% =0 in (41).

We also use this test case to analyze the time convergence which ultimately affects the preservation of the determinant and the
entropy compatibility. Therefore we measure the errors of the total mass and entropy conservation according to (94) while running
this simulation until the time ¢, = 1 on one single unstructured mesh with characteristic size of & =1/3. Three different Runge-Kutta
time integrators are used of order N = {1,2,4} (see Appendix B), and the results are collected in Table 2. We observe that the
convergence rates for the entropy conservation exhibit order of accuracy O(N + 1), and convergence of order O(N + 2) is achieved
for the total mass conservation. The time evolution of the mass and entropy conservation errors is plotted in Fig. 3, where we also
show the map of the scalar correction factors a, and ag at the final time.

Furthermore, in order to make evidence of the semi-discrete preservation of the structural properties of the new schemes, in Fig. 4
we show the time evolution of the right hand side of our scheme for different Runge-Kutta time integrators. The right hand side is
given by the dot product between the dual variables r and the numerical fluxes, the non-conservative products and the source terms.
This ultimately leads to the time derivative of the entropy variable, i.e. d$ /dz. We can notice that, as proven in Theorem 2, this term
is zero up to machine accuracy independently of the time integration scheme, which confirms that the spatial discretization is indeed
structure preserving up machine accuracy.
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Table 2

Journal of Computational Physics 507 (2024) 112957

Time convergence study related to total mass and entropy
conservation for the isentropic vortex problem at time 7, = 1
with three different Runge-Kutta time integration schemes on
a mesh with size 2 = 1/3. The errors are measured in the L,
norm and refer to the geometric thermodynamic errors given

by (94).
Runge-Kutta O(1)
At 5, b
8.00E-03 5.1415E-05 - 2.2516E-02 -
4.00E-03 1.2874E-05 2.00 1.1238E-02 1.00
2.00E-03 3.2211E-06 2.00 5.6138E-03 1.00
Runge-Kutta ©(2)
At 5, b
8.00E-03 3.3043E-09 - 1.3195E-06 -
4.00E-03 3.3385E-10 3.31 2.5736E-07 2.36
2.00E-03 3.6793E-11 3.18 5.5271E-08 2.22
Runge-Kutta ©O(4)
At N Sy
8.00E-03 2.9510E-13 - 6.6099E-11 -
4.00E-03 9.1038E-15 5.02 4.1208E-12 4.00
2.00E-03 2.8818E-16 4.98 2.5709E-13 4.00
10
oAl o]
7.39E-03 2.20E-02
7.04E-03 2.10E-02
6.69E-03 1.99E-02
6.34E-03 8 1.89E-02
5.99E-03 1.78E-02
5.63E-03 1.68E-02
5.28E-03 1.57E-02
4.93E-03 1.47E-02
4.58E-03 6 1.36E-02
4.23E-03 1.26E-02
3.87E-03 - 1.15E-02
3.52E-03 1.05E-02
3.17E-03 9.44E-03
2.82E-03 4 8.39E-03
2.46E-03 7.34E-03
2.11E-03 6.30E-03
1.76E-03 5.25E-03
1.41E-03 4.20E-03
1.06E-03 2 3.15E-03
7.04E-04 2.10E-03
3.52E-04 1.05E-03
0
—F&—— HGTC RK1 ——&—— HGTC RK1
; —=4A—— HGTC RK2 , —=4A—— HGTC RK2
10° —<&—— HGTC RK4 10 - —<—— HGTC RK4
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y cEBBO883983686883803958500009 L
= 107 =
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3 =
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Nt
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time

time

Fig. 3. Isentropic vortex problem at time 7, = 0.25. Top: map of the geometric correction factor |a, | (left) and of the thermodynamic correction factor |ag| (right)
with mesh size 4 =1/6. Bottom: time evolution of the mass (left) and entropy (right) conservation errors for Runge-Kutta time integration schemes of order 1 (black
square), 2 (red triangle) and 4 (blue diamond). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 4. Isentropic vortex problem. Time evolution of the right hand side of the scheme r - du/dr = 9§ /dt for Runge-Kutta time integration schemes of order 1 (left), 2
(middle) and 4 (right).

Table 3
Initialization of Riemann problems. Initial states left (L) and right (R) are reported as well as the final time of the
simulation 7, and the position of the initial discontinuity x,.

Name Iy X4 PL V1L UL PrL PR VIR Uar Pr
RP1 0.035 -0.2 599924 19.5975 0.0 460.894  5.99924  -6.19633 0.0 46.095
RP2 0.15 0.0 1.0 -2.0 0.0 0.4 1.0 2.0 0.0 0.4
RP3 0.20 0.0 1.0 0.0 -0.2 1.0 0.5 0.0 0.2 0.5

Reference solution Reference solution Reference solution
HGTC HGTC HGTC

10 30 2000
sk sf L £ Y
E E 1500 - l
30fF 20 r
o o K] r
sr B 1000
a 20F s 10F R o [ 9 i
E g Y 500 ;
15F F L F
10F L B
r or
5F ° F
D:\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l V‘D\\\\|\\\\|\\\\'\\\\'\\\\|\\\\'\\\\'\\\\'\\\\'\\\\' 75001\\\'\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l
05 -04 -03 -02 01 0 01 02 03 04 05 05 -04 -03 -02 01 0 01 02 03 04 05 205 -04 -03 -02 01 0 01 02 03 04 05
X X X

Fig. 5. Riemann problem RP1 at final time ¢, = 0.035. Comparison of density, horizontal velocity and pressure against the reference solution extracted with a
one-dimensional cut of 200 equidistant points along the x-direction at y = 0.

4.2. Riemann problems

The novel HGTC scheme is here validated against three one-dimensional Riemann problems taken from [57,2]. The computational
domain is the rectangular box Q = [-0.5;0.5]x[—0.05; 0.05] with periodic boundaries in the y—direction and transmissive boundaries
along the x—direction. The computational mesh is unstructured made of polygons and it has a characteristic size of 7 = 1/4096 and
all the simulations are run in 2D, thus the properties of symmetry preservation of the numerical solution are verified as well.
Indeed, despite the one-dimensional setting of the Riemann problems, these test cases become fully multidimensional in the case of
unstructured Voronoi meshes, where no mesh edges are in principle aligned with the flow. The initial condition is given in terms of
a left and a right state separated at position x = x,. Table 3 summarizes the setup of the three Riemann problems considered here.

The first two Riemann problems RP1 and RP2 involve the Euler equations for compressible gas dynamics (i.e. ¢, = ¢;, = 0), and
the reference solution is computed with the exact Riemann solver detailed in [57]. The last Riemann problem is concerned with
the full model (1) and we set y =k = 107, so that the stiff relaxation limit of the model is retrieved and numerically assessed. The
reference solution is obtained numerically using a second order TVD finite volume method on a very fine mesh of 100000 control
volumes. The results are collected in Figs. 5-7, showing a good agreement with the reference solution in all cases. To appreciate that
the one-dimensional symmetry of the solution is well preserved, we show in Fig. 8 a three-dimensional view of the solution for the
three Riemann problems considered here.

4.3. Circular explosion problem
We consider a cylindrical explosion problem to test the HGTC schemes with numerical dissipation, which is here activated
since the solution exhibits an outward traveling shock wave. The computational domain is given by Q = [—1; 1]> with transmissive

boundaries, and the fluid is initially assigned as follows:
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Fig. 6. Riemann problem RP2 at final time 7, = 0.15. Comparison of density, horizontal velocity and temperature against the reference solution extracted with a
one-dimensional cut of 200 equidistant points along the x-direction at y = 0.
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Fig. 7. Riemann problem RP3 at final time 7, = 0.2. Comparison of density, vertical velocity and pressure against the reference solution for the compressible Euler
equations extracted with a one-dimensional cut of 200 equidistant points along the x-direction at y =0.
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Fig. 8. Three-dimensional view of density for RP1 (left), horizontal velocity for RP2 (middle) and density for RP3 (right) at their corresponding final times.

_{(1,0,0,0, 1) r<R _
(p,vl,vz,03,p)—{(0.125’0,0’0’0.1) F>RC t=0, xeQ, (98)

where R =0.5 denotes the radius of the initial discontinuity and r = 4/ xf + x% represents the generic radial coordinate. An inviscid

fluid is considered by setting ¢, = ¢, = 0 and the final time of the simulation is chosen to be #, = 0.25. We run this test on three
different Voronoi meshes with characteristic mesh size of h =1/256, h =1/128 and h = 1/64. The numerical results are compared
against the reference solution that has been computed by solving the compressible Euler equations with geometric sources [57]
employing a classical second order TVD finite volume scheme on a very fine mesh composed of 20000 cells. An overall very good
agreement can be observed in Fig. 9, that numerically confirms the convergence of the new HGTC schemes as the mesh resolution
gets finer. Fig. 10 depicts a map of the correction factor a, as well as the time evolution of the total mass conservation errors for all
the simulations. The solution preserves an excellent cylindrical symmetry despite the unstructured nature of the mesh, as shown by
the three-dimensional density distribution plotted in Fig. 10. Furthermore, we notice that the highest correction for the preservation
of the determinant constraint occurs across the contact wave.

To strongly test the preservation of the symmetry of the numerical solution, we also run the explosion problem on three coarse
meshes with mesh size 1, =1/4, h, = 1/8 and h, = 1/16, respectively. Fig. 11 plots the density distribution at ¢, = 0.2 together with
the computational mesh. Only for the extremely coarse mesh /4, = 1/4, we can see some mesh imprinting, which is nevertheless very

19



W. Boscheri, R. Loubére, J.-P. Braeunig et al. Journal of Computational Physics 507 (2024) 112957

Reference solution — Reference solution
HGTC (h=1/256) 1.2 ——— HGTC (h=1/256)
HGTC (h=1/128) ’ ——— HGTC (h=1/128)
HGTC (h=1/64) HGTC (h=1/64)

08
06l
a > o
04
02|
0,
07\Hl\H\|HHl\H\|\H\|HHlHHlHHlHHlHHl _027H\|HHl\H\|HHl\H\|\H\|HH|HH|HH|HH|
0o 01 02 03 04 05 06 07 08 09 1 “0 01 02 03 04 05 06 07 08 09 1
X X
—— Reference solution —— Reference solution
12~ —— HGTC (h=1/256) 12~ HGTC (h=1/256)
“F ————— HGTC (h=1/128) “1 HGTC (h=1/128)
r HGTC (h=1/64) | HGTC (h=1/64)
11| [
.k
09f
- [ o
08f
07|
06f
ol b b b b b b bl 07H\|HHl\H\|HHl\H\|\H\|HH|HH|HH|HH|
“0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 f
X X

Fig. 9. Explosion problem at time 7, = 0.25. Numerical results for density, horizontal velocity, pressure and temperature (from top left to bottom right) compared
against the reference solution extracted with a one-dimensional cut of 200 equidistant points along the x-direction at y = 0. Mesh convergence analysis with
characteristic mesh size 4 =1/256 (red line), A =1/128 (red line) and h = 1/64 (green line).

mild, while the other meshes exhibit an excellent symmetry of the numerical solution despite their resolution. This can be indeed
appreciated already for the mesh with s, = 1/8. Let us remark that the computational grids always contain some elements that are
quite unstructured, meaning that no cylindrical symmetry is present a priori.

4.4. Viscous shock profile

Next, we model compressible heat-conducting viscous flows by setting ¢, = ¢, = 10, 4 =2 - 1072 and x = 9.3333 - 10~2. The
computational domain is the channel Q = [0; 1] x [0;0.2] that is paved with Voronoi polygons of characteristic size of 7 =1/1024.
Periodic boundaries are imposed in y—direction, while a constant inflow velocity is prescribed for x = 0 and outflow boundary
conditions are set at x = 1. In [5], an exact solution of the one-dimensional compressible Navier-Stokes equations is derived for
Prandtl number Pr = (.75 and constant viscosity that involves a stationary viscous shock wave at a shock Mach number M. The
Reynolds number is Re, = pycyM,Lu~!, with the reference length that is assumed to be L = 1. This is an interesting test case
since all the terms characteristics of the one-dimensional compressible Navier-Stokes equations can be verified, including viscous
stress and heat conduction. According to [5], the exact solution is given in terms of dimensionless density, pressure and velocity.
The dimensionless velocity o = ﬁ is related to the stationary shock wave, which can be determined as the root of the following

equation:
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Fig. 10. Explosion problem at time 7, = 0.25. Left: three-dimensional view of the density distribution with the map of the correction factor @, for the results obtained
with h =1/256. Right: time evolution of the mass conservation errors for 4 =1/256 (red line), h = 1/128 (blue line) and » = 1/64 (green line).

Fig. 11. Explosion problem at time 7, = 0.2. Density distribution and mesh configuration for /1, = 1/4 (left), h, = 1/8 (middle) and h. = 1/16 (right).

2
5o 1 0= M2_1
|U—|2 = | 1 A exp éReS‘Y—x s (99)
|5 — A2|4 2 4 yM?
with
1+ Zm?
P=—2r (100)
jalyyy)
2 s

Once the solution of equation (99) is computed, the dimensionless velocity o is expressed as a function of x. The form of the viscous

profile of the dimensionless pressure j = —Z _2’;\04 5 is given by the relation
pocy M3

1 (=1
pel-pp LYFLE=D 5 2y o1
2vy—=1 D

Finally, the profile of the dimensionless density 5 = pi is derived from the integrated continuity equation: po = 1. Here, we make

0
the simulation unsteady by adding a constant velocity background field v = M c,. The initial condition is given by a shock wave
centered at x = 0.25 which is propagating at Mach M =2 with Re; = 100. The upstream shock state is defined by

pt=0,x)=py, vE=0,x)=0, py(t=0,x)=1/y, (102)

with ¢y = 1. The numerical solution obtained with the HGTC schemes without numerical dissipation at the final time 7, = 0.2 is
compared against the reference solution of the one-dimensional compressible Navier-Stokes equations. The numerical solutions for
the main primitive variables are plotted in Fig. 12. An excellent agreement is obtained, demonstrating the capability of the HGTC
schemes of retrieving the correct physical solution for heat-conducting viscous fluids.

We also plot the correction factor a, in Fig. 13 as well as the time evolution of the total mass conservation errors §, for the
simulations run with and without numerical dissipation. In both cases, the L , determinant error remains at machine accuracy.
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Fig. 12. Viscous shock problem at time ¢, = 0.2. Numerical results for density, horizontal velocity, pressure and heat flux extracted with a one-dimensional cut of 200
equidistant points along the x-direction at y =0.1 compared against the reference solution.
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Fig. 13. Viscous shock problem at time 7, = 0.2. Map of the thermodynamic correction factor |a, | with a three-dimensional view of the density distribution (left) and
time evolution of the mass conservation errors for the HGTC with and without viscous terms (right).
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Fig. 14. 2D Taylor-Green vortex at time ¢, = 0.2 with viscosity u = 1072. Top: one-dimensional cut of 200 equidistant points along the x-axis and the y—axis for the
velocity components v, and v, (left) and for the pressure p (right). Bottom: distribution of the velocity magnitude with stream-traces (left) and time evolution of the
mass and entropy conservation errors for the HGTC scheme.

4.5. 2D Taylor-Green vortex

The two-dimensional Taylor-Green vortex problem is a well-known test case for the incompressible Navier-Stokes equations. The
exact solution writes

u(t,x) = sin(x;)cos(x,) e,

v(t, %) = — cos(x;) sin(x,) e 2",

p6X)=C + %(cos(Zx 1)+ cos(2x,)) e, (103)

where v = u/p denotes the kinematic viscosity of the fluid and the density is p(¢,x) = 1. To model an incompressible viscous fluid,
we set ¢, = 10 and u = 1072, and the additive constant to the pressure is chosen to be C = 100/ so that a maximum Mach number
of 0.1 is retrieved. Heat conduction is neglected, thus we set ¢, = 0. The initial condition is provided by the exact solution (103) at
time ¢ = 0. The computational domain is given by Q = [0;27]*> with periodic boundary conditions everywhere, and it is paved with
a Voronoi grid of characteristic mesh size 2 =27 /200. As studied in [54], for long time simulations the flow becomes turbulent,
thus we set the final time to 7, = 0.2 as typically done in the literature [21,8,12]. Fig. 14 depicts the numerical results at the final
time of the simulation that are compared against the reference solution, obtaining an excellent matching. Furthermore, we also show
the time evolution of the mass and entropy conservation errors, that remain bounded and preserved thanks to the compatibility
corrections of our novel HGTC schemes.
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Fig. 15. Solid rotor problem at time 7, = 0.3. Top: numerical results for the horizontal velocity v, with & =1/128 (left) and & = 1/256 (right). Bottom: numerical
results for the thermal impulse component J, with 2 =1/128 (left) and h = 1/256 (right).
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4.6. Solid rotor problem

Finally, a test case for solid mechanics is solved, namely the solid rotor problem introduced in [47,8]. The relaxation times of
the mathematical model are set to 7; = 7, = 10?°, hence nonlinear hyperelastic solids are genuinely modeled by the governing PDE
presented in [49]. We fix ¢, = ¢;, = 1 and the final time of the simulation is ¢ = 0.3. The computational domain is Q =[—1; 112 with
periodic boundaries, and the initial condition of the material writes

(1, =x,/R, x;/R,0,1) r<R

(p,vy,0p,03,p) = { (1.0.0.0. 1) F>RC t=0, xXeQ, (104)

with the initial discontinuity located at R=0.2 and r = \/x% + x%. To show mesh convergence, we run the solid rotor problem on

two different meshes with characteristic size of 4 = 1/256 and h = 1/128. The results are compared with each other in Fig. 15, where
the horizontal velocity distribution is plotted. The maps of the scalar correction factors a, and ag at the final time level are also
depicted in Fig. 16. We observe that both corrections may act at the same spatial locations without negatively interfering between
each other.

5. Conclusions

In this paper we have presented a novel finite volume scheme on unstructured Voronoi meshes for the solution of a reduced
unified model for continuum mechanics, where the mass conservation equation is discarded. This has been achieved enforcing the
compatibility of the new schemes with the Geometric Conservation Law that links the distortion tensor to the density within each
control volume. The geometric compatibility is obtained by introducing a new generalized concept of potential, that is assumed
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Fig. 16. Solid rotor problem at time 7, = 0.3. Map of the geometric correction factor |e, | (left) and of the thermodynamic correction factor || (right) obtained with
a characteristic mesh size of h =1/512.

to be the determinant of the distortion tensor. Consequently, a set of associated pseudo-dual variables is retrieved, which play the
role of the thermodynamic variables for the total energy potential. By means of a conservative correction directly embedded in
the numerical fluxes, the novel schemes are proven to be compliant with the GCL at the semi-discrete level. Once the geometric
compatibility is achieved, thermodynamic compatibility is also guaranteed using the same strategy that derives from the formalism
of symmetric and hyperbolic thermodynamically compatible (SHTC) systems introduced by Godunov in 1961. These two corrections
can coexist at the discrete level and they do not interfere with each other, hence making it possible for the first time on unstructured
fixed grids to ensure geometric and thermodynamic compatibility at the same time. Two theorems demonstrate that these properties
are respected at the semi-discrete level. A two-dimensional first order finite volume scheme with up to fourth order Runge-Kutta
time integrators has been implemented and tested. A large suite of test cases is shown to numerically assess the structure preserving
properties of the new schemes.

In the future we plan to exploit this strategy to tackle other types of constraints, namely involution-constraints like the solenoidal
property of the magnetic field in magnetohydrodynamics or the irrotational behavior of the deformation gradient and the thermal
impulse vector in reversible processes in solid mechanics. Finally, the extension of the proposed approach to high order discontinuous
Galerkin schemes is also foreseen as well as the development of implicit-explicit [11,8] asymptotic preserving discretizations to make
the numerical schemes consistent with the Navier-Stokes-Fourier limit exhibited by the governing equations.
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Appendix A. Geometric conservation law derived from the determinant potential

In this appendix we show that the pseudo-Gibbs relation (26) holds true. The starting point is the evolution equation of the
distortion tensor A = { A;; }, in which the viscous terms are neglected. Let us explicitly compute the dual variables w of the potential
|AJ:

ApAsz = Ay Az —Ay Az + ApAy Ay Ay — ApAj
wi={wy) =04, |Al=[ —ApAy+A3Ay  Apdsp - Ay —ApAn +ApAdy | (A1
ApAyy —ApzAy —AjAp +AzAy A Ap — Apdy
The determinant of the distortion tensor A is explicitly given by
[Al = A1 ApAzy — Ay Ay Agy — A Ag  Asz + A1pAp3 Az + A3 Ay Agy — A3 Agy Ay (A.2)
Firstly, we investigate the compatibility with the source terms which are present in the equations (30c). The source terms

Sa ={Sa,x} are given by

3 3 o o 1
Saik = L |A13 A Gis - G =G — 3G50m0 O =AjmAjy- (A.3)

Multiplication of the source terms with the dual variables yields the contributions { S ;. } = {w;; S i }, which write

5
§ = (243 +(=242 242, =242 +A2 + A2, ~2A2 +A2 +A2)A||+(=3Ag) Ay —3A31 A3p) A1p—3A13(Ag) Ags+A3) A33))(—Ap Az3+Az3 Az)IA| 3
All — ) 5
s Moo M e M M) 343143 | 34914y 3A13(A Ag3 +A3 A33) 3
§ AL A A HA 5 HAY S AR ) A — 5 ==-)(Ay1 A33—Ax3 A3))|A| 3
A12 — - 5
1
3 2 2 42 a2 2 42 442 2 3
§ = (=243, +(=243 =242 +A2 +A2 —2A2 442 +A2 242 ) A 3H+(=3 Ay Ap3—3A31 A33) A1 —3A1n(Ap Ag3+A3) A33))(Ag1 A3y — Ay A31)IA| 3
A3 = - ,
3 2 442 A2 2 2 2 442 A2 3
§ . = (=243 +(=2A3 +A%,+42, 242 2 A2 —2 A2 + AL +A2 ) Ag +(=3 A1 Ay —3A13A23) A1 —3 A3 (App Azp+Ax3 A33))(— A1 A3z +A 13 A3)) A3
A21 — - N
1
DAL Avx—A 12 Ans Y A3 +( A2 AL AL 42 ATy A2 442 A At JALIAD A | 3A1pA3AY | 3A3y (g Ay +An3Agy) 13
§, = HAuAS T ARA Ay KAy 5 Ay T A A TS At T T AT 5 A
A22 — - N
1
3 (A2 42 2 2 2 42 42 2 3
& (A1 A=Ay A3 )—243,+(A2 +42, 242 —2A2 —2A2 +A2 +A2 —2A2 ) Ap3—3A11 A3 Ay —3 A1y A3 Ay —3A33(Ag) Asi +An Ax))IAL S
A3 =" - >
1
YA Aor—A 12 Aos (A3 (A2 + A2 +A2 Ah 4G A2 A 4y A (3432412 3433413 4 3401 (Agp Az tAgsAss) A%
S = (A2 43— A13 An)(A3 +HAG HAGHAY — "~ HA) — -~ D )AnH (= + A+ 2 Al
A3l — B
, )
3 2 AL e A Mo A%z 2 3A11A10431 | 3412413433 | 3420(Ap1 A31+A23433) 3
Sy = A A= AT T Ay A A 5 2 3 Andn—Aidy)IAl
A32 — B

71

2 2 )
A7 A A7, A 3411413431 | 341241343y | 3A23(Ax A3 +AnnAz)) 2
_ 3 2 o0 M M a0 a2 3411413431 341241343y | 3423(A21431+42043) 3
2(Aj Ay A]2A2])<A33+<A32 3= +AT, 5 +A23+A31>A33+ 5 + 5 + S |A]

2 2

Saz=-—

Bl
(A.4)
At the aid of a linear algebra software [45], by summing up all the above terms, i.e. dot multiplying the source terms with the dual
variables, one obtains
Yik_ _
0(zy)
Thus, we retrieve no source on the right hand side of the GCL (25) as expected.

Next, the compatibility with the flux and non-conservative terms on the left hand side of (1d) has to be verified. To that aim, the
equation of the distortion tensor as well as the GCL are written in fully non-conservative form as follows:

(A.5)

Sajik = —Wi -

0A; ov 0A; a;
ik . m U ik _ _ Tk , (A.6)
ot oxy 0x,, 0,(ty)
0|A| vy, o|A|
-+ AL +p, - — =0 A7
o TIAI ox, K ox, A7)
The non-conservative terms in (A.6) for each component of the distortion tensor A, i.e. D;, = 4;,, % +v, ‘;i—”‘, are given by
k m
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v, a4y o0, aAy v, aAy
An (5 ) or (5 )+ (52 ) ea (5 )+ (52) + o (52)
v, 0A1y o0, dA1p ov dA1p
n (5 ) o (58) +an (52) + e (52 ) 40 (52) +0s(52)
) 0A P 0A P 0A
An (52 ) o (F) +an (52 ) +en (52) 4 (52) + 0 (52)
ov; 04 v, 04 vy 04y
Ao (52 ) or (52) +n (52) en (52 ) 4 (52) + 05 (52)
_ — vy 942 vy 942 dus 942
D={Dy}= AZl( X2)+U1 ( 0x )+A22( X2)+U2( 0xy )+A23( x2>+u3(¢’x3 ) (A-8)
v, 0As; v, 0As; ovy 0As;
Ao (52 ) or (52) +an (52) #en (52 ) 4 (52) + 0 (52)
av; 043 vy 043 vy 043
A (5 ) or (520) +an (52 ) en (52 )+ (52) + 0 (52)
v, 045 vy 04 vy 043
A3 (72>+U| ( (231 >+A32< x2>+U2< 0xy )+A33< X2>+03(0X3 )
v, 0433 v, 0433 v, 0433
A (52 ) or (52) + (52 ) #en (522 )+ (52) 0 (52)
Then, the product of the above terms with the dual variables leads to
k) 0A ) p) ) 0A
(Aaadsy = Apsr) (A (52 ) or (52 )+ (52 ) en (52 ) s (52) + 05 (522
wi Dy v, a a 0A p) oA
)| ot () o (52) (52 0 (32) 0 (82 s (32))
12 P12 ;
) 0A ) 0A ) 0A
iy Dy | | (Ao =) (A (52) +or (52 )+ 4 (52) +0o (52) + 45 (52) + 05 (52))
’ o0, P F) 0A P) 0A
wy, Dy, (=443 +A3As) (AZI (az ) +0; <A> + Ay (ﬁ) + 0, (WZ;) +Ag; (ﬁ) + 03 ( ,,XZ; ))
) 0A F) 2A ) 2A
wy Dy [=| (AnAs —A1343) (AZI (ﬁ) +0; (a—”> + Ay (ﬁ) + 0, (szz) + Ay (ﬁ) + 03 < (,x? )) (A9)
P) 2A P) 0A f) 0A
w3 Doy | | (=A; Ay + AppAsy) (A21 (%) +0, (ﬁ) + Ay (ﬁ) +0, (WZ;) + Ay (ﬁ) +0s ( s ))
w31 D 0 0A 9 0A 0 0A
120 | ) (1 (5 00 () (3 0 (2 s (2 40 ()
w3y D3y P) 2A P) 0A F) 2A
20 | et (1 (5 0 () (3 0 () s (2 0 ()
w 3
n Aj Ay — ApAyy) Ay (2 25 ) 4 Ay, (22 25 ) 4 Ay (22 233
(A11An — ApAy) (A3 o ) PO\ G5 ) AR G )t on ) T Ao ) Yo os
On the other side, the non-conservative products in (A.7) explicitly write
ovy, ov;  duv,  0vy
|A|— = (A11ApAs; — Aj A3 Asy — A Ay Ass + Ap Aps As + A3 Ay Ayy — A3 A Ay (ax E a—x3 (A.10)
0|A| 04, 0As; dAy 0L dAs
—_— = AnA — )|+ AA + A A —= )| — Az A —A A —_—
U1 ox, U]< 22 33< ox, a2\ 5 X 11433 ox, 23432 0xl 11423 ox,
0Ay;3 A, A5 04y, 0A|, 0A3
A A —= | —-A, A —= | —-ApHA — A A + Ay A —= |+ A)A —_—
11 32( %, ) 21433 ( %, 1242 5o 12433 | Gy, 23431 | 55, 12423\ 5,
0Ay; 0A; 043, 6A21 0A;
+Ap Az <E> A21A32< ox, +Aj34y v, +Aj343 ox, — ApAsz o,
0A3; 04y,
A3Ayp <W) —A;3Az; ( (A.11)
JIA| 94y, Aa% 9045 04 043
= AynA — )|+ A4,,A A — Az A — ) -A,A —_—
Up—— 9%, U2< 22 33< 9%, 11422 X A1 Az 9%, 23433 9x, 11423 9%,
0Ay; 0As 04y, dA,
—ApAyn [ =2 ) - -y —2) 4 44
11 32<ax2) < > App 21< x2> 12 33(ax2 23431 %
0A3 0A3 0A3; 0Ay;
+ApA — |+ A)A + A, A + Az A —= |+ A;A —_—
12 23( dx2> 12 31( > 21 32< ) 13421\ Gy, 1342\ 55
0A, 0A3, 0Ay,
— Ay Az ox, —A;3An A3A3 9%, (A.12)
d|A| 04y 5"‘33 Ay, 0Aj 043
S =0y (Ap A [ =L )+ A Ay [ —2 )+ A A ([ —2) -4 —)_a -3
U3 x5 U3< 22 33< x5 11422 x5 11433 x5 23432 143\ 3
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Table B.4
Butcher tableau for Runge-Kutta explicit
methods.

0

@ Bo

a3 B Bz

s By By Bys—1y

[ c [ [

0A 3 043, 0Ay,
— Ay Az <E) —A;3An (d_x3 —Aj34Az

After some tedious algebraic manipulations, we arrive at the result

v, IA|
Wi - Dy = |A|a + %k ox,

(A9)=(A10)+ (A 11) + (A.12) + (A.13),

> (A.13)

(A.14)

therefore the GCL (25) is retrieved as the dot product of the dual variables w with the evolution equations of the distortion tensor A
given by (1d).

Appendix B. Runge-Kutta schemes

Runge-Kutta methods represent a quite popular technique to carry out time integration and they are based on the method of lines
(MOL) approach. The governing equations can be written in semi-discrete form as

du _
5 = L0, (B.1)

where £}, (U) contains the spatial discretization of the numerical fluxes, non-conservative products and source terms. A generic
Runge-Kutta scheme with a total number of s sub-stages is described by a Butcher tableau of the form shown in Table B.4. The
numerical solution is determined at the next time step as

s
U =U" + At Z ¢; K. (B.2)

i=1

The generic Runge-Kutta stage «; is evaluated at the intermediate time level 1) = " + a; At by

i
K =Ly (UZ+At2 g Kj> (B.3)

J=1

with U}, denoting the numerical solution at the current time level ¢". In this work we consider three different Runge-Kutta schemes:

+ Euler method with accuracy O(1)

0 O
1
» Heun method with accuracy O(2)
0 0 0
1 1 0
172 1/2
« RK4 method with accuracy O(4)
0 0 0 0 0
172 | 1/2 0 0 0
1/2 0 1/2 0 0
1 0 0 1 0

| 176 1/3 1/3 1/6
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